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Let a normed space X possess a tiling T consisting of unit balls. We show that any packing
P of X obtained by a small perturbation of T is completely translatively saturated; that is,
one cannot replace finitely many elements of P by a larger number of unit balls such that
the resulting arrangement is still a packing.
In contrast with that, given a tiling T of Rn with images of a convex body C under
Euclidean isometries, there may exist packings P consisting of isometric images of C
obtained from T by arbitrarily small perturbations which are no longer completely
saturated. This means that there exists some positive integer k such that one can replace
k − 1 members of P by k isometric copies of C without violating the packing property.
However, we quantify a tradeoff between the size of the perturbation and the minimal k
such that the above phenomenon occurs.
Analogous results are obtained for coverings.
© 2009 Elsevier B.V. All rights reserved.
1. Introduction
Given a body C (that is a nonempty connected compact set coinciding with the closure of its interior) in the Euclidean
space Rn, a family F of isometric images of C is called a packing in Rn (a covering of Rn) if all members of F have pairwise
disjoint interiors (if
⋃
F = Rn). F is a tiling if it is both a packing and a covering.
The question for particularly efficient arrangements gave rise to the following concepts (see [3,4]). A packing P (a
covering C) of isometric copies of C is called k-saturated (k-reduced) if it is impossible to replace k − 1 members of P
(k members of C) by k (by k − 1) isometric images of C without destroying the packing (covering) property. It is called
completely saturated (completely reduced) if it is k-saturated (k-reduced) for all k = 1, 2, . . .. Of course, the same can be
considered in spherical or hyperbolic spaces.
It is shown in [1] that any body C in the n-dimensional Euclidean or hyperbolic space admits a completely saturated
packing as well as a completely reduced covering. The important case of a convex body in Euclidean space has already been
settled in [4].
An example of a completely saturated packing is the so-called honeycomb circle packingPH , which is the densest lattice
packing of unit circles in R2. Is PH the only completely saturated circle packing in the plane? The authors of [4] present
a specific, slightly perturbed honeycomb circle packing that could still be completely saturated (see the left-hand part of
Fig. 1; the upper half of the original honeycomb packing is slightly shifted).
There exist other ‘‘arbitrarily small’’ perturbations of PH that are known to destroy complete saturation (see [7]): In R2
andR3, no lattice sphere packing with a hyperplane gap defect is completely saturated. Here a hyperplane gap defect means
the following: LetP be a sphere packing inRn, let H ⊆ Rn be a hyperplane, H+ a closed half-space bounded by H , and t 6= 0
a translation vector perpendicular to H in the direction of H+. Then the packing P obtained from P by shifting all spheres
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Fig. 1. Perturbed honeycomb circle packings.
Fig. 2. A tiling and a packing of hexagons.
with centres in H+ by t is called a sphere packing with a hyperplane gap defect. An example of a honeycomb circle packing
with a gap defect with respect to a horizontal line is displayed on the right-hand part of Fig. 1.
The paper [7] ends with the following question: Let T be a tiling of R2 with regular hexagons (see the left-hand part of
Fig. 2) and let T be obtained from T by introducing a gap. If the gap is sufficiently narrow, is T completely saturated?
In the following sectionwe consider the tiling T by hexagons as a tiling of a normed space (R2, ‖·‖)with unit balls of that
space.We shall see that the properties of complete saturation as well as of complete reduction of a tiling with unit balls both
are stable under arbitrary sufficiently small perturbations if they are considered with respect to the group of isometries of
the respective normed space (even in the infinite-dimensional case). Note that this gives only a partial answer to the above
mentioned question from [7]. Indeed, in the Euclidean context complete saturation of T concerns replacements of hexagons
by translated or rotated images, whereas in the framework of the corresponding normed space isometric copies of unit balls
are necessarily congruent by translation. In order to stress the difference between this translative point of view and the case
of the group of Euclidean isometries we shall speak of translative saturation and translative reduction, respectively.
The final two sections are devoted to the context of Euclidean isometries, where the saturation and reduction properties
turn out to be muchmore restrictive than in the translative setting. In fact, every square packing in R2 that is obtained from
the square lattice tiling by an arbitrarily small gap defect is no longer completely saturated. We give examples of square
and hexagon packings which are completely translatively saturated, but tremendously far away from complete saturation
in the Euclidean sense. Three of them are based on gap defects (see Section 3).
However, even in the Euclidean context some optimality properties of perturbed tilings can be shown (see Section 4).
Given a convex body C ⊆ Rn and a positive integer k, there exists a bound εk(C) > 0 such that every packingP of isometric
copies of C is k-saturated if its distance from some tiling of Rn with images of C is bounded by εk(C) (in the sense of the
Hausdorff metric). Similar results are obtained for coverings C. Note that, in contrast with Section 2 where C has to be
centrally symmetric and only translates of C are considered, the results of Section 4 apply to arbitrary C such that Rn can
be tiled with isometric images of C . The elements of such tilings need not be mutually congruent by translation and C is not
necessarily symmetric. Tilings of that kind exist e.g. if C is an arbitrary triangle or convex quadrangle. In [5, Sections 9.1 and
9.3] many other interesting examples are illustrated.
2. Isometries of normed spaces
Given a point x of a normed space (X, ‖ · ‖), B(x) is used to denote the closed unit ball centered at x.
Theorem 1. Let (X, ‖·‖) be a normed space possessing a tiling T = {B(xi) : i ∈ I}with unit balls and let T = {B(xi+ti) : i ∈ I}
be generated from T by the perturbation vectors ti ∈ X satisfying s(r) := supi∈I,‖xi‖<r ‖ti‖ < 1 for every r > 0 (which amounts
to ‖ti‖ < 1, i ∈ I , if X is finite-dimensional).
(i) If T is a packing then it is completely translatively saturated.
(ii) If T is a covering then it is completely translatively reduced.
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The theorem shows in particular that a hyperplane gap defect with translation vector t does not destroy complete
translative saturation of a tiling with unit balls if ‖t‖ < 2. Another example is illustrated by the right-hand part of Fig. 2.
It is generated from the left-hand tiling by the perturbation vectors ti = xi‖xi‖+4 . This is a completely translatively saturated
packing consisting of pairwise disjoint unit balls. Similarly, say with ti = − xi‖xi‖+4 , one obtains completely translatively
reduced coverings such that every point of X belongs to the interior of some covering ball. The question for completely
translatively saturated packings and completely translatively reduced coverings of these particular types has motivated the
considerations of [6]. The above theorem generalizes Theorem 3.1 of that paper.
Proof of Theorem 1. For proving (i) we replace m balls B(xik + tik), k = 1, . . . ,m, of the packing T by n balls B(y`),
` = 1, . . . , n, so that
P = {B(xi + ti) : i ∈ I \ {i1, . . . , im}} ∪ {B(y`) : ` = 1, . . . , n}
remains a packing. We will show that necessarily n ≤ m.
The packing property of P yields
‖y`1 − y`2‖ ≥ 2 for 1 ≤ `1 < `2 ≤ n, (1)
‖y` − (xi + ti)‖ ≥ 2 for 1 ≤ ` ≤ n, i ∈ I \ {i1, . . . , im}. (2)
We choose r > 2 such that
max{‖y1‖, . . . , ‖yn‖} < r − 2. (3)
The covering property of T yields{
r − 1− s(r)
r − 2 y` : 1 ≤ ` ≤ n
}
⊆
⋃
i∈I
B(xi). (4)
Next we show that{
r − 1− s(r)
r − 2 y` : 1 ≤ ` ≤ n
}
∩
⋃
i∈I\{i1,...,im}
B(xi) = ∅. (5)
For that let ` ∈ {1, . . . , n} and i ∈ I \ {i1, . . . , im} be fixed. If ‖xi‖ ≥ r we estimate by the aid of (3)∥∥∥∥ r − 1− s(r)r − 2 y` − xi
∥∥∥∥ ≥ ‖xi‖ − ∥∥∥∥ r − 1− s(r)r − 2 y`
∥∥∥∥ > r − r − 1− s(r)r − 2 (r − 2) = 1+ s(r) ≥ 1.
In the opposite case ‖xi‖ < r we use (2) and (3) to obtain∥∥∥∥ r − 1− s(r)r − 2 y` − xi
∥∥∥∥ ≥ ‖y` − (xi + ti)‖ − ∥∥∥∥1− s(r)r − 2 y`
∥∥∥∥− ‖ti‖ > 2− 1− s(r)r − 2 (r − 2)− s(r) = 1.
So
∥∥∥ r−1−s(r)r−2 y` − xi∥∥∥ > 1 for all 1 ≤ ` ≤ n, i ∈ I \ {i1, . . . , im}. This proves (5). Properties (4) and (5) yield{
r − 1− s(r)
r − 2 y` : 1 ≤ ` ≤ n
}
⊆
m⋃
k=1
B(xik).
By (1),
∥∥∥ r−1−s(r)r−2 y`1 − r−1−s(r)r−2 y`2∥∥∥ ≥ r−1−s(r)r−2 2 > 2 for 1 ≤ `1 < `2 ≤ n. Hence none of the right-hand unit balls contains
more than one of the left-hand points. This gives n ≤ m and completes the proof of (i).
To verify (ii)we assume thatm balls B(xik+tik), k = 1, . . . ,m, of the coveringT are replaced by n balls B(y`), ` = 1, . . . , n,
so that
C = {B(xi + ti) : i ∈ I \ {i1, . . . , im}} ∪ {B(y`) : ` = 1, . . . , n}
is again a covering. It remains to show that n ≥ m.
We pick r > 3 such that
max{‖xi1‖, . . . , ‖xim‖} < r − 3. (6)
The covering property of C yields{
r − 2− s(r)
r − 3 xik : 1 ≤ k ≤ m
}
⊆
⋃
i∈I\{i1,...,im}
B(xi + ti) ∪
n⋃
`=1
B(y`). (7)
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Next we verify that{
r − 2− s(r)
r − 3 xik : 1 ≤ k ≤ m
}
∩
⋃
i∈I\{i1,...,im}
B(xi + ti) = ∅. (8)
For that let k ∈ {1, . . . ,m} and i ∈ I \ {i1, . . . , im} be fixed. If ‖xi‖ ≥ r we obtain by the aid of (6)∥∥∥∥ r − 2− s(r)r − 3 xik − (xi + ti)
∥∥∥∥ ≥ ‖xi‖ − ∥∥∥∥ r − 2− s(r)r − 3 xik
∥∥∥∥− ‖ti‖
> r − r − 2− s(r)
r − 3 (r − 3)− 1 = 1+ s(r) ≥ 1.
In the case ‖xi‖ < r we use (6) and the packing property of T , namely ‖xik − xi‖ ≥ 2. We estimate∥∥∥∥ r − 2− s(r)r − 3 xik − (xi + ti)
∥∥∥∥ ≥ ‖xik − xi‖ − ∥∥∥∥1− s(r)r − 3 xik
∥∥∥∥− ‖ti‖ > 2− 1− s(r)r − 3 (r − 3)− s(r) = 1.
Consequently,
∥∥∥ r−2−s(r)r−3 xik − (xi + ti)∥∥∥ > 1 for all 1 ≤ k ≤ m, i ∈ I \ {i1, . . . , im}, which proves (8).
Claims (7) and (8) imply{
r − 2− s(r)
r − 3 xik : 1 ≤ k ≤ m
}
⊆
n⋃
`=1
B(y`). (9)
The packing property of T yields∥∥∥∥ r − 2− s(r)r − 3 xik1 − r − 2− s(r)r − 3 xik2
∥∥∥∥ = r − 2− s(r)r − 3 ∥∥∥xik1 − xik2∥∥∥ ≥ r − 2− s(r)r − 3 2 > 2
for 1 ≤ k1 < k2 ≤ m. Thus none of the right-hand balls from (9) covers more than one of the points on the left-hand side.
This givesm ≤ n and completes the proof. 
3. Gap defects destroy complete saturation—The Euclidean case
In this section we provide examples to show that the stability result of the previous section would be no longer valid if
we allowed rotation of the tiles. We restrict ourselves here to the packing case, but similar examples can be constructed for
coverings. From now on ‖ · ‖ denotes the Euclidean norm in Rn. The first example deals with the standard lattice tiling of
R2 with squares.
Example 1. Any packing of squares obtained from the standard lattice square tiling of R2 by a gap defect is not completely
saturated.
This can be seen as follows. Since the packing has a gap defect, we find some ε > 0 such that for any M,N ∈ N a finite
number of squares can be rearranged so that a rectangle of size M × (N + ε) contains M × N squares and is disjoint from
the interior of any other square of the packing. So the vacant area in this rectangle has size εM . We may assume that ε is
rational. Now let M = K(N + ε) for some K ∈ N. A result of Erdös and Graham [2] says that there is some α < 1 such
that for sufficiently large N depending on ε there is a packing of unit squares inside a square of size (N + ε) × (N + ε)
which leaves only an unoccupied area of at most Nα . Using K such packings, we find a packing of squares in the rectangle of
sizeM × (N + ε) which leaves a free area smaller than KNα . Since KNα < εKN < εM for sufficiently large N , this packing
contains more thanM × N squares, which shows that the original tiling was not completely saturated.
Example 2. The packing shown in Fig. 3 is obtained from a square lattice tiling by perturbing it with the four shifts± a1−a32
and± a2−a42 . It is completely translatively saturated, because
‖a1 − a3‖
‖a1 − b1‖ =
‖a2 − a4‖
‖a1 − b1‖ =
√
2
2
< 1.
This packing is not even 1-saturated, as Fig. 3 illustrates.
Example 3. The packing shown in Fig. 4 is obtained from a square lattice tiling by perturbing it with the two shifts± a1−a22 .
Therefore, the packing has a gap defect. It is completely translatively saturated, because
‖a1 − a2‖
‖a1 − b1‖ =
2
√
2
3
< 1.
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Fig. 3. A square packing that is not 1-saturated.
Fig. 4. A square packing with a gap defect that is not 2-saturated.
Fig. 5. A square packing with a gap defect that is not 7-saturated.
This packing is not 2-saturated, as Fig. 4 illustrates.
Example 4. The packing shown in Fig. 5 is obtained from a square lattice tiling by perturbing it with the two shifts± a1−a22 .
Therefore, the packing has a gap defect. It is completely translatively saturated, because
‖a1 − a2‖
‖a1 − b1‖ =
7
√
2− 6
4
< 1.
This packing is not 7-saturated, as Fig. 5 illustrates.
Example 5. The packing shown in Fig. 6 is obtained from a hexagonal lattice tiling by perturbing it with the three shifts
a1 − a, a2 − a, and a3 − a. It is completely translatively saturated, because
‖a1 − a‖
‖a1 − o1‖ =
‖a2 − a‖
‖a1 − o1‖ =
‖a3 − a‖
‖a1 − o1‖ =
√
3
2
< 1.
Fig. 6 shows that it is not even 1-saturated.
Example 6. The packing shown in Fig. 7 has a gap defect along the dotted line and with the translation vector a2 − a1. It is
completely translatively saturated, because a2 − a1 = 0.99(a1 − b1). (Note that the dotted line is not parallel to a diagonal
of a tile and that b1 is in the relative interior of the upper edge of the hexagon containing a1). Fig. 7 illustrates that it is not
2-saturated.
4. Stability for k-saturation and k-reduction
In this sectionwe show a positive stability result for k-saturation and k-reduction in the Euclidean case. There is a tradeoff
between the distance of a packing from a tiling of Rn with isometric copies of a body C and the numbers k such that the
packing is still k-saturated. An analogous result is obtained for k-reduced coverings.
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Fig. 6. A packing of hexagons that is not 1-saturated.
Fig. 7. A packing of hexagons with a gap defect that is not 2-saturated.
To make this precise, let r(C) be the inradius of the convex body C ⊆ Rn and let R(C) be another radius such that
B(xo, r(C)) ⊆ C ⊆ B(xo, R(C))
for some xo ∈ Rn, where B(x, r) denotes the ball with center x and radius r . Moreover, for ε > 0, a packingP = {Ci : i ∈ N}
of isometric copies of C will be called a (C, ε)-packing if there exists a tiling T = {C ′i : i ∈ N} of isometric copies of C
such that dH(Ci, C ′i ) < ε for i ∈ N, where dH denotes the Hausdorff distance. Obviously, every (C, ε1)-packing is also a
(C, ε2)-packing provided that ε1 < ε2.
The announced stability result for packings can now be formulated as follows.
Theorem 2. Let C ⊆ Rn be a convex body that admits a tiling of Rn with isometric copies of C. Furthermore, let k ∈ {2, 3, . . .}
and
εk(C) := r(C)
2
R(C)
((
k
k− 1
)1/n
− 1
)
.
Then every (C, εk(C))-packing is k-saturated.
For the proof of the theorem we need two lemmas. Given λ > 0, we let
Cλ =
⋃
x∈C
B(x, λ) = C + B(0, λ).
Lemma 1. For λ > 0,
vol(Cλ) ≤
(
1+ λ
r(C)
)n
vol(C).
Proof. Wemay assume that xo = 0. Then
vol(Cλ) = vol(C + B(0, λ)) = vol
(
C + λ
r(C)
B(0, r(C))
)
≤ vol
(
C + λ
r(C)
C
)
=
(
1+ λ
r(C)
)n
vol(C). 
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Lemma 2. If x ∈ C and 0 < % ≤ r(C) then there exists a point y ∈ C such that
‖x− y‖ ≤ R(C)
r(C)
% and B(y, %) ⊆ C .
Proof. Wemay assume that x = 0. Let y = %r(C)xo. Then
‖x− y‖ = %
r(C)
‖x− xo‖ ≤ %r(C)R(C)
and
B(y, %) = %
r(C)
B(xo, r(C)) ⊆ conv({0} ∪ B(xo, r(C))) = conv({x} ∪ B(xo, r(C))) ⊆ C . 
Proof of Theorem 2. Let P = {Ci : i ∈ N} be a packing and let T = {C ′i : i ∈ N} be a tiling with isometric copies of C such
that dH(Ci, C ′i ) < ε := εk(C) for i ∈ N. We will show that if we remove k − 1 isometric copies of C , say C1, . . . , Ck−1, from
P and add ` isometric copies C¯1, . . . , C¯` so that
P¯ = (P \ {C1, . . . , Ck−1}) ∪ {C¯1, . . . , C¯`}
is still a packing, then ` < k. This obviously follows if we show that
vol(C¯1 ∪ · · · ∪ C¯`) < k vol(C).
It follows from the definition of a (C, ε)-packing that there is an ε′ > 0 with ε′ < ε such that for any i ∈ Nwe have
C ′i ∩ (C¯1 ∪ · · · ∪ C¯`) = ∅ or dH(Ci, C ′i ) < ε′.
Pick an arbitrary point x ∈ C¯1 ∪ · · · ∪ C¯`, say x ∈ C¯1. Since
ε′ < εk(C) = r(C)
2
R(C)
((
k
k− 1
)1/n
− 1
)
≤ r(C)
2
R(C)
(
21/n − 1) ≤ r(C)2
R(C)
≤ r(C),
Lemma 2 provides a ball B(y, ε′) ⊆ C¯1 such that
‖x− y‖ ≤ δ := R(C)
r(C)
ε′.
Let i ∈ {k, k+ 1, . . .}. If C ′i ∩ (C¯1 ∪ · · · ∪ C¯`) = ∅, then obviously y 6∈ C ′i . If dH(Ci, C ′i ) < ε′ we note that the packing property
of P¯ implies that C¯1 does not, and therefore B(y, ε′) does not either, intersect the interior of Ci. Therefore, d(y, Ci) ≥ ε′
and then dH(Ci, C ′i ) < ε′ yields y 6∈ C ′i . Hence y 6∈ C ′i holds in each case. Since T is a covering, we find y ∈ C ′i for some
i = 1, . . . , k− 1, which implies x ∈ (C ′i )δ . Since x ∈ C¯1 ∪ · · · ∪ C¯` was arbitrary, we conclude that
C¯1 ∪ · · · ∪ C¯` ⊆ (C ′1)δ ∪ · · · ∪ (C ′k−1)δ.
Comparing volumes and using Lemma 1 we obtain
vol(C¯1 ∪ · · · ∪ C¯`) ≤ (k− 1) vol(Cδ) ≤ (k− 1)
(
1+ δ
r(C)
)n
vol(C) < (k− 1)
(
1+ R(C)
r(C)2
ε
)n
vol(C) = k vol(C),
which completes the proof. 
We now turn to the stability result for k-reduced coverings. For ε > 0, let us call a covering C = {Ci : i ∈ N} by isometric
copies of C a (C, ε)-covering if there exists a tiling T = {C ′i : i ∈ N} with isometric copies of C such that dH(Ci, C ′i ) < ε for
i ∈ N. Obviously, every (C, ε1)-covering is also a (C, ε2)-covering provided that ε1 < ε2.
Theorem 3. Let C ⊆ Rn be a convex body that admits a tiling of Rn with isometric copies of C. Furthermore, let k ∈ {1, 2, . . .}
and
εk(C) := r(C)
(
1−
(
k− 1
k
)1/n)
.
Then every (C, εk(C))-covering is k-reduced.
For the proof of the theorem we need an additional lemma. Given λ > 0, we let
C−λ = {x ∈ Rn : B(x, λ) ⊆ C}.
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Lemma 3. For 0 < λ ≤ r(C),
vol(C−λ) ≥
(
1− λ
r(C)
)n
vol(C).
Proof. Wemay assume that xo = 0. It suffices to show that(
1− λ
r(C)
)
C ⊆ C−λ.
Let x ∈
(
1− λr(C)
)
C and let x′ ∈ C be such that
x =
(
1− λ
r(C)
)
x′.
Since
x =
(
1− λ
r(C)
)
x′ + λ
r(C)
0
and
λ =
(
1− λ
r(C)
)
0+ λ
r(C)
r(C),
we obtain B(x, λ) ⊆ conv({x′} ∪ B(0, r(C))) ⊆ C , which shows that x ∈ C−λ and completes the proof. 
Proof of Theorem 3. Let C = {Ci : i ∈ N} be a covering and let T = {C ′i : i ∈ N} be a tiling with isometric copies of C such
that dH(Ci, C ′i ) < ε := εk(C) for i ∈ N. We will show that if we remove k isometric copies of C , say C1, . . . , Ck, from C and
add ` isometric copies C¯1, . . . , C¯` such that
C¯ = (C \ {C1, . . . , Ck}) ∪ {C¯1, . . . , C¯`}
is still a covering, then ` ≥ k. This obviously follows if we show that
vol(C¯1 ∪ · · · ∪ C¯`) > (k− 1) vol(C).
It follows from the definition of a (C, ε)-covering that there is an ε′ > 0 with ε′ < ε such that for every i ∈ Nwe have
Ci ∩ (C ′1 ∪ · · · ∪ C ′k) = ∅ or dH(Ci, C ′i ) < ε′.
We want to show that
(C ′1)−ε′ ∪ · · · ∪ (C ′k)−ε′ ⊆ C¯1 ∪ · · · ∪ C¯`.
To this end, pick a point x ∈ (C ′1)−ε′ ∪ · · · ∪ (C ′k)−ε′ , say x ∈ (C ′1)−ε′ . By definition, this implies B(x, ε′) ⊆ C ′1. Let
i ∈ {k + 1, k + 2, . . .}. If Ci ∩ (C ′1 ∪ · · · ∪ C ′k) = ∅, then B(x, ε′) ⊆ C ′1 yields Ci ∩ B(x, ε′) = ∅, in particular x 6∈ Ci. In
the case dH(Ci, C ′i ) < ε′, the packing property of T and B(x, ε′) ⊆ C ′1 imply that B(x, ε′) does not intersect the interior of C ′i ,
in particular x 6∈ Ci. Therefore, x 6∈ Ci holds in each case. The covering property of C¯ now shows that x ∈ C¯1∪ · · ·∪ C¯`, which
is what we wanted to prove.
Using again that T is a packing, we obtain that the interiors of the C ′i are mutually disjoint, which implies that the (C
′
i )−ε′
are mutually disjoint. Comparing volumes and using Lemma 3 we obtain
vol(C¯1 ∪ · · · ∪ C¯`) ≥ k vol(C−ε′) ≥ k
(
1− ε
′
r(C)
)n
vol(C) > k
(
1− ε
r(C)
)n
vol(C) = (k− 1) vol(C),
which completes the proof. 
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